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We study a solution of the Einstein-Gauss-Bonnet theory in 5 dimensions coupled to a 
Maxwell field, whose euclidean continuation gives rise to an instanton describing black 
hole pair production. We also discuss the dual theory with a 3-form field coupled to 
gravity. 


1. Introduction. 


Vacuum solutions of four-dimensional Einstein gravity with positive cosmological con¬ 
stant are characterized by the presence of a cosmological horizon. In case of vanishing mass 
the solutions are given by the maximally symmetric de Sitter spacetime , but for nonzero 
mass one can obtain spherically symmetric black hole solutions which contain an event 
horizon besides the cosmological one. In the limiting case in which the two horizons co¬ 
incide these solutions reduce to a non-trivial spacetime metric, known as Nariai metric, 
which has topology x . Its euclidean continuation describes a gravitational instan- 
ton which can be used to compute the creation rate for black hole pairs in a cosmological 
background [1]. When a Maxwell held is coupled, more general black hole solutions can 
also be obtained carrying electric or magnetic charge. In this case one can have up to three 
horizons, and a few special solutions giving rise to instantons by euclidean continuation 
can be found [2-3]. 

In higher dimensions, the Einstein-Hilbert action can be generalized by the addition of 
the so called Gauss-Bonnet terms [4-5]. The generalized action gives rise to held equations 
which are still second order and no new degrees of freedom are introduced in the theory. In 
four dimensions or less the Gauss-Bonnet terms are total derivatives and do not contribute 
to the held equations. It is well known that the actions so generalized admit asymptotically 
de Sitter solutions even in absence of a cosmological constant. In particular, the most 
general spherically symmetric solutions of the Einstein-Gauss-Bonnet theory coupled to 
a Maxwell held have been obtained in arbitrary dimensions [6]. They include solutions 
containing both cosmological and event horizons. One may thus wonder if solutions with 
properties similar to the Nariai metric or its charged generalizations are avalaible also in 
this case for special values of the parameters. 

In this paper we consider the simplest non-trivial example, namely the hve-dimensional 
theory. This case is quite peculiar, since contrary to the higher-dimensional ones, the metric 
function has only one root, leading in general to the appearence of naked singularities, and 
so it turns out that the only physically interesting case is that in which the root is double, 
corresponding to two coinciding horizons. The properties of this metric are therefore 
similar to those of the Nariai solution. On the other hand, hve dimensions is the only case 
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that can be treated analitically, because in higher dimensions one cannot in general hnd a 
closed algebraic expression for the location of the horizons. 


2. The lorentzian solution. 

The hve dimensional Einstein-Gauss-Bonnet -Maxwell action is 

^ {R + aS - (1) 

where S = Rabcd.R^^^'^ — ^RabR^^ + R^ is the Gauss-Bonnet term and d is a coupling 
constant. The held equations are^ 

Gab + <ySab = Tab: ( 2 ) 

where 


+ 2RR.t, (3) 

TS, = (4) 


The theory admits two maximally symmetric solutions with vanishing charge, namely hat 
space and 5-dimensional de Sitter or anti-de Sitter space (depending on the sign of d), 
with curvature R = —10/d. These can be considered as the ground states of the theory. It 
has been argued [5] that the de Sitter background is unstable under small perturbations, 
so that the actual ground state is hat Minkowski space. However, in this paper we are 
mainly interested in the de Sitter sector of the theory. Hence, we shall consider the case 
d < 0, which admits the existence of a cosmological horizon, and ignore the asymptotically 
hat solution. Gharged spherically symmetric solutions are given by [6] 


-G)i — 


Q 

j,3 ’ 


( 5 ) 


ds'^ =—V{r)dt‘^+ V -I- 


( 6 ) 


with 


V(r) = l-- 


1 ± W 1 - 4a 


2m 

^4 


1 Throughout this paper, we adopt orthonormal indices. 


(7) 
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where 112 and a = —2a > 0. The branch with the minns sign is asymptotically 

flat , while the branch with the pins sign, which we shall consider in the following, is 
asymptotically de Sitter . In the last case, a horizon can be present if —a < 2m < 3a. 
More precisely, if Aq^ > (a + 2m)^, V{r) is always negative. If instead Aq^ < (a + 2m)^, 
V{r) has a nniqne zero at Tq — Y^(a+ 2 m) 4g ^ case, however, a branch 

singnarity is present at a point > ro, where the sqnare root in (7) becomes negative. 
The only possibility to avoid this singnlarity is in the extremal case, Aq^ = (a + 2m) 
when ro is a donble root. In this case apparently there is no physical region, since one 
has two coinciding horizons. However, this is not the case, as can be shown by adopting a 
limit procednre similar to that originally discnssed in [1] for the Nariai solntion. 

In fact, for Aq^ —(a + 2m)^, one can expand V{r) in a neighborood oi tq = 


_ / ct+2m 

2 


as 


so that 


r = ro (^1 + I cos X + o{e^)^ , 


2 a + 2m 

r = -^-(l + ecosx + o(e )) , 

where x is a new coordinate. One can also expand q^ as q^ = 
a rescaled time coordinate 

8Vct + 2m 

r =- et. 

3a — 2m 

Snbstitnting in (6), one hnally gets, at leading order in e. 


sin^ xdr"^ + dx^) + 


( 8 ) 


(9) 


(1 — e^) and dehne 


( 10 ) 


( 11 ) 


where 


A = - ^ B= - = -= ^, (12) 

3a — 2m 2a — |i?| a + 2m IqI 

Moreover, in this limit, Toi = QB^!^ = 2^/V2l (a + 2m). The constants A and B are both 

positive since, as discnssed previonsly, —a < 2m < 3a (or eqnivalently |(j| < 2a). The 

metric (11) has the form of a prodnct of a two-dimensional de Sitter space of size 1/v^ 

with a three-sphere of radins 1 /\/B and is therefore perfectly regnlar. Its Penrose diagram 

is that of two-dimensional de Sitter spacetime. In particnlar, in analogy with the Nariai 
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metric [1], an observer sees two cosmological horizons, both in the positive and negative 
X-directions. The solntion can therefore be interpreted as a pair of black holes at antipodal 
points on the spatial section of a de Sitter spacetime . 

The previons solntion can also be obtained directly from the held eqnations (2), which 
for a metric of the form ( 11 ) and electric held Fqi = rednce to 

n2 q 2 

-3S = -^S^ -yl(l - 2aS) - S = (13) 

and hence, recalling that = 125 ^, B = j^, A = 2 a-\q\ ’ accordance with (12). 

From (13) follows that in hve dimensions a non-hat solntion is avalaible only if Q 7 ^ 0. 
The metric (11) can also be obtained by dnality in the case of Einstein-Ganss-Bonnet 
gravity conpled to a 3-form held Habc^ with action 

1 =-^ j + (14) 

The gravitational held eqnations are now 

Gab + ^Sab = T^, (15) 

with 

riJ = jHacd/Zi.'-' - (IS) 

With the ansatz Habc = QF^^^^abc-, one has = T^, and hence the held eqnations 
rednce to those of the electromagnetic case. 

3. The euclidean metric. 

The enclidean continnation of the metric (11) is given by 

ds^ = + dx^) + (17) 

where — ir is the enclidean time and 0 < '0 < 27r, 0 < x < tt- The metric (17) describes 
the prodnct of two ronnd spheres, S‘^ x S^. In analogy with the charged Nariai metric 
in fonr dimensions [ 1 ], it can be interpreted as a gravitational instanton mediating the 
creation of a pair of black holes in a backgronnd de Sitter spacetime . 
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As discussed in ref. [3], according to the no-boundary proposal, the pair creation rate 
can be estimated as 

r = exp[-2(/52xS3 -/gs)], (18) 

where Is^xS^ is the action of the half-instanton with boundary the spacelike surface E of 
topology X corresponding to the maximal spatial section of (11), and /gs is the 
action of the half euclidean de Sitter space of radius y^, with spatial boundary S'^. 

In the case of the Maxwell held, the euclidean action is given by 
If 1 

/ =-/ (f’x ^/g (R + aS — -F'^) + boundary terms. (19) 

lOTT J 4 

The gravitational boundary terms do not contribute, since in the case under study the 
second fundamental form vanishes on the boundaries, but an electric contribution should 
be added in order to keep the charge hxed at the boundary [3]. This has the form 

h = ^ f d^xVh ( 20 ) 

IbTT Jj: 

where n“ is the outgoing normal to E. Using the trace of the held equations , the hve- 
dimensional integral in (19) reduces to 

I = ^ j d^x ^ R. (21) 

For S'®, eq. (21) gives / = ^^Uo/(S®) = where Vol{ ) is the volume of the 

half-instanton. It is important to notice that, due to the contribution of the Gauss-Bonnet 
term, the sign of I is opposite to the one that would have been obtained in the case of 
Einstein theory with a cosmological constant. The high value of the action is another sign 
of the instability of the de Sitter space in the Einstein-Gauss-Bonnet model. For S^ x S3, 
/ = ^g^^^ Uo/(S^ X S3) = TT^ ’ ^’^d moreover R gives a further contribution ^^ 3/2 ■ 
The total action is therefore 

n A -j- QB TT^ r.—- I i\ / \ 

4^x53 - TT = yv^(6a-I qI). (22) 

The value of the action goes to zero for g —> 0, since the volume of the instanton vanishes 
in this limit. Finally, substituting in (18), 

F = exp -TT^ - kl) - ■ (23) 
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In the interval of allowed valnes for IqI, 0 < IqI < 2a, the exponent of F can assnme both 
positive and negative sign. In particnlar, it is positive for small \q\, corresponding to a 
high prodnction rate. Five dimensional de Sitter space appears therefore to be nnstable in 
onr model, for creation of black hole pairs of charge IqI a. 

The same calcnlation can be done for the 3-form held H. In this case, the euclidean 
action is 

+ = ^ j (24) 

where the trace of the held equations has been used. Also in this case the gravitational 
boundary terms vanish, while no boundary term is necessary for the 3-form held [3]. 
Substituting the values of the helds in (24), one gets the same result (22) obtained in 
the Maxwell case. It appears therefore that one can extend also to higher dimensions the 
validity of the conjectures of [3] on the invariance under duality of the pair production rate 
of black holes. 

4. Conclusion. 

We conclude with some considerations on the higher-dimensional generalizations of 
the results discussed here. Although in principle straightforward, the possibility of making 
explicit calculations is prevented because one can no longer obtain an explicit expression 
for the location of the horizon, since one should solve algebraic equations of higher degree. 
One can show however an important qualitative difference in higher dimensions, since in 
> 6 it is possible to get two distinct horizons and hence a physical region even in the 
non-extremal case. Thus solutions with properties similar to the lukewarm black holes of 
ref. [2] are possible. 

One can still, however, look directly for solutions of the T>-dimensional theory of the 
form deS^ x S‘^, with d = D — 2, which generalize the one we have discussed in this paper. 
In this case, the gravitational held equations for a electromagnetic held Foi = Q or a 
d-form held Fabc... = Q(^abc... give: 

1 

— d{d - 1)B[1 + {d-2){d- 3)aB] = 

1 

-2l|l + 2(d - l)(d - 2)aB\ - -{d - 1)(<J - 2)B[1 + (d - 3)((i - 4 )q'B) = 

^ hi 
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For d > 3 (i.e. D > 5), one has solutions even if Q = 0, with B = —[{d — 2){d — 3)a]~^, 
A = —{d—1) [{d+l){d—2)a]~^, while, in general, a 1-parameter class of solutions is available 
for Q ^ 0. This also includes the special case A = B. It remains an open question if these 
solutions can still be interpreted as limiting cases of black hole solutions. 
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